We compute the physical graviton two-point function in de Sitter spacetime with three-sphere spatial sections. We demonstrate that the large-distance growth present in the corresponding two-point function in spatially flat de Sitter spacetime is absent. We verify that our two-point function agrees with that in Minkowski spacetime in the zero cosmological constant limit.
Introduction
It is known that the graviton two-point functions in de Sitter spacetime in various coordinates and gauges [1, 2, 3, 4] grow as functions of the coordinate distance. For example, the physical two-point function with two polarizations grows logarithmically at large distances in spatially flat de Sitter spacetime [5] . (The term "physical" here is used to indicate that the gauge degrees of freedom are completely fixed.) If this large-distance growth of graviton two-point functions manifested itself in physical quantities, it could have serious implications in inflationary cosmologies [6, 7, 8] . Thus, it is interesting to determine whether this growth depends on the gauge choice. This clarification may also be helpful in understanding the mechanism for damping the cosmological constant [9] proposed a few years ago. (The analogous two-point function in hyperbolic de Sitter spacetime does not grow at large coordinate distances [10] . However, the hyperbolic coordinate system does not cover the region where the two-point function grows either in the covariant gauge [1] or in the physical gauge [5] .)
It was shown recently that one can gauge away the large-distance growth in the physical gauge in spatially flat coordinate system [11] and in the covariant gauge [12] . In this paper we calculate the physical two-point function in de Sitter spacetime with three-sphere (S 3 ) spatial sections and demonstrate that it remains finite in the entire spacetime away from the light-cone, thus showing decisively that the large-distance growth in other gauges is a gauge artefact. The rest of the paper is organized as follows. We summarize basic facts about linearized gravity in de Sitter spacetime which are relevant to this paper in section 2. Then we present the details of our calculation of the two-point function in section 3 and discuss some of its properties in section 4. We present the calculation of the corresponding two-point function in Minkowski spacetime in Appendix A and explain the relationship between the coordinate system we use here and other coordinate systems for de Sitter spacetime. We adopt the metric signature (−+ ++) throughout this paper. We have used the computing package Maple 7 in many of our calculations.
Linearized gravity in de Sitter spacetime
We need the explicit form of the transverse-traceless tensor spherical harmonics on S 3 . They can be found, e.g. in Ref. [13] , which we closely follow here. The metric on the unit S 3 is given by
where 0 ≤ χ ≤ π, 0 ≤ θ ≤ π and 0 ≤ ϕ ≤ 2π. Let η ab and D c denote the metric and the covariant derivative operator, respectively, on S 3 . The transverse-traceless (TT) tensor spherical harmonics T where L (≥ 2) is an integer. The label C is either v (vector) or s (scalar). The labels l and m are integers satisfying 2 ≤ l ≤ L and −l ≤ m ≤ l. We also require the following normalization condition:
where dΩ = dχ sin 2 χ dθ sin θ dϕ is the volume elment of S 3 . We define the following functions:P l L (χ) ≡
where the Legendre functions P −µ ν (x) are given in terms of the hypergeometric functions as [14] 
We also define the transverse vector spherical harmonics on the unit two-sphere (S 2 ) as
where ǫ ij is the invariant antisymmetric tensor with ǫ θϕ = sin θ. The indices i, j = θ, ϕ are raised and lowered by the metricη ij on the unit S 2 . Then the TT tensor spherical harmonics are given as follows:
and
(2.12) (There is a misprint in the equation corresponding to (2.12) in Ref. [13] . 1 ) The function F l L (χ) and the constant c l L are defined as follows:
The metric of de Sitter spacetime with S 3 spatial sections is given by
This is a solution to Einstein's equations with cosmological constant Λ = 3H 2 :
The linearized field equation is obtained by setting g µν =ĝ µν + h µν , whereĝ µν is the background metric (2.15). We find
Here, ∇ µ is the background covariant derivative, indices are raised and lowered by the background metric, and h is the trace of h µν with respect to the background metric. We have also defined 2 ≡ ∇ α ∇ α . We will denote the background metricĝ µν simply by g µν from now on.
The field equation (2.17) is invariant under the gauge transformation
It is known that one can impose the conditions h 0µ = 0, D a h ab = 0 and η ab h ab = 0, with a, b = χ, θ, ϕ. These conditions fix the gauge degrees of freedom completely. Then the field h µν satisfies
Independent solutions to this equation satisfying the gauge conditions are [13] h (C;Llm) ab
These are the coefficient functions of the annihilation operators for the standard vacuum state known as the Euclidean [15] or Bunch-Davies [16] vacuum. They satisfy the following normalization condition:
where we have defined
with dΣ ≡ H −3 cosh 3 t dΩ being the volume element of the S 3 Cauchy surface. In the first line of this equation the indices µ and ν are raised and lowered by the de Sitter metric g µν whereas in the second line the indices a and b are raised and lowered by the metric η ab on the unit S 3 .
Let us introduce a new time variable
Then the metric (2.15) becomes
The solutions (2.20) become
The graviton two-point function is then given by
The factor of 16πG arises due to the factor (16πG) −1 in the Einstein-Hilbert action.) By substituting (2.25) we obtain
(2.28)
The two-point function
In order to write down the explicit form of the two point function (2.28) we need to introduce some definitions related to the geodesic on the unit S 3 connecting the points p ≡ (χ, θ, ϕ) and p ′ ≡ (χ ′ , θ ′ , ϕ ′ ). They will be analogous to those introduced in Ref. [5] for the spatially flat case. We assume that the point p ′ is not the antipodal point of p so that there is a unique geodesic connecting them.
Let n a and n a ′ be the unit tangent vectors to the geodesic at points p and p ′ , respectively, which are pointing away from each other. We define the vectors for two points
These vectors can be interpreted as unit vectors in de Sitter spacetime. We define g ab (g a ′ b ′ ) to be the symmetric tensor on the unit S 3 obtained as the space components of the metric tensor g µν at p (p ′ ). Thus, g ab = sec 2 τ η ab and g a ′ b ′ = sec 2 τ ′ η a ′ b ′ . Next we define the parallel propagator P a ′ a on the unit S 3 as follows. Let V a be a tangent vector at p. We let P a ′ a V a be the vector obtained by parallelly transporting V a along the geodesic from p to p ′ . We define P a a ′ in a similar manner. One has P a ′ a = P aa ′ . Note that P a ′ a n a = n a ′ and that P a a ′ n a ′ = −n a . We then define the tensors g aa ′ on S 3 for any two points (τ, p) and (τ ′ , p ′ ) in de Sitter spacetime as
and where the g (i) , i = 1, 2, 3, are functions of τ , τ ′ and the geodesic distance between p and p ′ on the unit S 3 . Thus, we only need to find the functions g (i) . Now, let us describe how to calculate these functions by relating them to components ofĜ aba ′ b ′ . By using rotational symmetry on S 3 we may let (θ, ϕ) = (θ ′ , ϕ ′ ) and then χ ′ → 0 without loss of generality. Then, the geodesic between the two points is along the line (θ, ϕ) = const and the geodesic distance on the unit S 3 is χ. The vectors N a and N a ′ are in the χ direction, and we have
(3.9)
Next, by contractingĜ aba ′ b ′ with N a and N a ′ and letting b = i and b ′ = i ′ , where i and i ′ are either θ or ϕ, we find
Since the parallel propagator P ab ′ takes vectors parallel to ∂/∂θ or ∂/∂ϕ to vectors parallel to the same vectors, we have
Thus, we find lim
Finally, we consider the traceless part ofĜ iji ′ j ′ (with respect toη ij andη i ′ j ′ ) with i, j, i ′ and j ′ being either θ or ϕ. Thus, we definê
Then from (3.4) we obtain lim
The functions g (1) , g (2) and g (3) can be found from f (1) , f (2) and f (3) as
We begin by calculating the function f (1) . The functions f (2) and f (3) can be obtained by differentiating f (1) with respect to χ [see (3.44 ) and (3.56)]. By substituting (2.10) in (2.28) and recalling the definition (3.10) of f (1) we have
where the functionP l L (χ) is given by (2.4) and the constant c l L is given by (2.14) . Since the associated Legendre functions P −µ ν (cos χ ′ ) behave like (χ ′ ) µ for small χ ′ , we havē P l L (χ ′ ) ∼ (χ ′ ) l . [Here and below, f (χ ′ ) ∼ g(χ ′ ) means that lim χ ′ →0 f (χ ′ )/g(χ ′ ) = const.] Then, we find that only the l = 2 terms contribute in the infinite sum (3.19 ). The explicit expression forP 2 L (χ) can be obtained as follows. By letting l = 2 in (2.4) we haveP and using the lowering operator for the associated Legendre functions:
The result is
23)
This can be used to show that lim
We also note that
where γ is the angle between the points on the unit two-sphere with coordinates (θ, ϕ) and (θ ′ , ϕ ′ ): cos γ = cos θ cos θ ′ + sin θ sin θ ′ cos(ϕ − ϕ ′ ) . .14),
, (3.28) in (3.19) , we obtain
This can be written as
Note that we have inserted the convergence factor e −ǫ with ǫ > 0.
The series in (3.30) can be evaluated by manipulating the geometric series ∞ L=0 x L = (1 − x) −1 . The result is
Application of the differential operator D(τ )D(τ ′ ) is made slightly easier by using
37)
where p(X) are arbitrary functions, and a similar formula with X replaced byX, because one can then use the identities cos τ D(τ )e −iτ = −i and cos τ ′ D(τ ′ )e iτ ′ = i. We find
To find f (2) defined by (3.13) we first note that do not contribute to f (2) because
for all l ≥ 2. As in the case for f (1) we find that only the l = 2 modes of T (s;Llm) ab contribute. Thus, we havẽ
We also find by using (3.26 
We need to evaluateĜ tl iji ′ j ′ in order to find f (3) . As in the case for f (2) , the modes T
for all l ≥ 2, and only the l = 2 modes of T (s;Llm) ab contribute. By defining the traceless part of T (s;Llm) ij given by (2.12) as
Hence,
We also find that in the limit γ → 0 
Then, a tedious but straightforward calculation gives the following result:
We can readily find the functions g (1) , g (2) and g (3) which appear in the expression The flat-space limit of the two-point function (3.4) can be obtained by defining χ = Hr, τ = Ht and τ ′ = Ht ′ and letting H → 0. The two spacetime points are at t and t ′ , respectively, and their spatial distance is r. The tensors N a , N a ′ , g ab ′ , g ab and g a ′ b ′ tend to the corresponding tensors in flat spacetime. By writing the flat-space limit of g (i) as g
where we have defined T ≡ t ′ −t+iǫ. These limits agree with the results obtained directly in Minkowski spacetime. The detail of the latter calculation is given in Appendix A.
Some properties of the two-point function
The expressions (3.38), (3.45) and (3.57) for the functions f (1) , f (2) and f (3) , respectively, may appear singular as sin χ → 0. However, in fact they behave like sin 2 χ as is clear from (3.29), (3.44) and (3.56 ). Let us define
We find
Then, by using (3.44) and (3.56) we obtain
Thus, we find the χ → 0 limit of the two-point function as
Indeed there is no singularity in the limit χ → 0 as long as τ = τ ′ .
Next we consider the χ → π limit. It can easily be obtained from the χ → 0 limit as follows. Define ψ ≡ π − χ. The variable χ can be replaced by ψ if a factor of (−1) L is inserted in each term. Hence, the χ → π limit is found from the χ → 0 limit by letting τ → τ + π and multiplying by −1. The χ → π limit of f (1) / sin 2 χ thus obtained is
where
In a manner similar to the χ → 0 case, we have lim χ→0 f (2) 
Then we find
Now, recall that the geodesic connecting the two points at χ = 0 and π on S 3 is not uniquely determined. Hence the tensors N a , N a ′ and g aa ′ are not well defined unlike the metrics g ab and g a ′ b ′ . However, the combination g aa ′ + 2N a N a ′ is well defined because the vector (g a a ′ + 2N a N a ′ )V a ′ for a given vector V a ′ is independent of the geodesic chosen to define it. Equation (4.10) shows that the χ → π limit of the two-point function is well defined.
As we mentioned in the introduction, the physical two-point function in the spatially flat coordinate system with the metric ds 2 flat = −dt 2 + e 2Ht dx 2 + dy 2 + dz 2 (4.11) exhibits logarithmic growth as the coordinate distance of the two points (t, x, y, z) and (t ′ , 0, 0, 0) defined by (x 2 + y 2 + z 2 ) 1/2 becomes large. The two-point function in the covariant gauge has a similar behaviour. Although this growth has been shown to be a gauge artefact, it is interesting to have a two-point function which does not exhibit this behaviour.
The two-point function obtained in this paper is indeed bounded except at the lightcone singularity with χ = ±(τ − τ ′ ). As we show in Appendix B the limit (x 2 + y 2 + z 2 ) 1/2 → ∞ with t fixed for the spatially flat coordinate system corresponds to the limit χ → π and τ → π/2 with τ ′ held fixed. This limit can readily be found from (4.7) as
as long as τ ′ > −π/2. This clearly shows that the logarithmic growth of the two-point functions in various other gauges is a gauge artefact. The function F 1 is singular at τ ′ = −π/2. This is not surprising because then χ = τ − τ ′ (= π), i.e. one point is on the light-cone of the other.
It is known [10] that the corresponding two-point function in the hyperbolic coordinate system with the metric ds 2 hyper = H −2 −dη 2 + sinh 2 η dζ 2 + sinh 2 ζ(dθ 2 + sin 2 θdϕ 2 ) (4.13)
does not grow for large coordinate distance, i.e. when one point is at ζ = 0 and the other point has large ζ. However, this coordinate system does not cover the region where where the derivatives ∂ a and ∂ a ′ are both with respect to r (and not r ′ ).
The functions E 2 and E 4 can be evaluated as follows. From the formula [14] ∞ 0 cos x
where γ = 0.577... is Euler's constant, one finds lim
This formula and π/2 0 (sin x/x)dx = π/2 can be used to obtain the following result: (iαx) n n · n! ,
which tends to zero as α → 0. We neglect the error term from now on. By integrating by parts and using (A15) with s(x, α) = 0 we find
The metric in this coordinate system is given by (4.11) . The large-coordinate-distance limit (x 2 + y 2 + z 2 ) 1/2 → ∞ with t fixed corresponds to
Using (B1), we find that W − T → −∞ (and T → +∞, W → −∞) in this limit.
The coordinate system used in the main part of this paper, that with S 3 spatial sections, is defined by 
In the large-distance limit in spatially flat coordinate system, we have T = H −1 tan τ → +∞, but W + T = H −1 (sin τ + cos χ)/ cos τ stays constant. Hence we have τ → π/2 and χ → π.
The coordinate system with hyperbolic spatial sections is given by
with the metric (4.13). Since W = H −1 cosh η ≥ H −1 , the large-distance limit of the spatially flat coordinate system with W → −∞ cannot be studied with the hyperbolic coordinate system. In the limit ζ → ∞ we have T → +∞ and X 2 + Y 2 + Z 2 → ∞ with W fixed. This limit corresponds to the limit t → ∞ with (x 2 + y 2 + z 2 ) 1/2 → H −1 in the spatially flat coordinate system, and to the limit τ → π/2 with χ → π/2 in the coordinate system with S 3 spatial sections.
